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Using recent fluctuation theorems from nonequilibrium statistical mechanics, we 
extend the theory for voltage fluctuations in electric circuits to power and heat 
fluctuations. They could be of particular relevance for the functioning of small 
circuits. This is done for a parallel resistor and capacitor with a constant current 
source for which we use the analogy with a Brownian particle dragged through a 
fluid by a moving harmonic potential, where circuit-specific analogues are needed on 
top of the Brownian-Nyquist analogy. The results may also hold for other circuits 
as another example shows. 

PACS numbers: 05.40.-a, 05.70.-a, 07.50.-e, 84.30.Bv 

Nanotechnology is quickly getting within reach, but the physics at these scales could be 
different from that at the macroscopic scale. In particular, large fluctuations will occur, 
with mostly unknown consequences. In this letter, we will investigate properties of electric 
circuits concerning the fluctuations of power and heat within the context of the so-called 
Fluctuation Theorems (FTs). These theorems were originally found in the context of non- 
equilibrium dynamical systems theory. Surprisingly, these can be applied also to electric 
circuits, as we will show, and thus give further insight into their behavior. 

Let us first give a brief introduction to the FTs. First found in dynamical systems 0, 0| 
and later extended to stochastic systems^, these conventional FTs give a relation between 
the probabilities to observe a positive value of the (time averaged) "entropy production rate" 
and a negative one. This relation is of the form P(o~) / 'P(-a) = exp[<rr], where a and —a 
are equal but opposite values for the entropy production rate, -P(cr) and P(—a) give their 
probabilities and r is the length of the interval over which a is measured. In these systems, 
the above mentioned FT is derived for a mathematical quantity a, which has a form similar 
to that of the entropy production rate in Irreversible Thermodynamics. 

Apart from an early experiment in a turbulent flowQ, for quite some time, the investiga- 
tions of the FTs were restricted to theoretical approaches and simulations. In 2002, Wang et 
al. performed an experiment on a micron-sized Brownian particle dragged through water by 
a moving optical tweezer. In this experiment, a Transient Fluctuation Theorem (TFT) was 
demonstrated for fluctuations of the total external work done on the system in the transient 
state of the system, i.e., considering a time interval of duration r which starts immediately 
after the tweezer has been set in motion^. In contrast, a Stationary State Fluctuation 
Theorem (SSFT), which was not measured, would concern fluctuations in the stationary 
state, i.e., in intervals of duration r starting at a time long after the tweezer has been set in 
motion. While the work fluctuations satisfy the conventional TFT and SSFT0, 0], the heat 
fluctuations satisfy different, extended FTs due to the interplay of the stochastic motion 
of the fluid with the deterministic harmonic potential induced by the optical tweezer [H, 
Given the possible problems with identifying the entropy production^, 0], in this letter we 
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prefer to consider the work and the heat. 

We remark that the conventional FTs hold in time-reversible, chaotic dynamical 
systems and in finite stochastic systems if transitions can occur forward and 
backward [3]. However, the general condition for an extended FT is unknown. 

In view of the well-known analogy of Brownian motion (as in the experiment of Wang 
et al.) and Nyquist noise in electric circuits one could ask whether the TFT and SSFT 
based on the Langevin equation also apply to electric circuits. Electric circuits are interesting 
as they are directly relevant to nanotechnology and because they lend themselves easily to 
experiments. Indeed, it turns out the conventional FTs hold for work and the extended FTs 
for heat, as we will show here. We emphasize that to connect with previous papers on which 
this one is based, we will also use the term work for the electric circuits, which is nothing 
but the time integral of the power. 

To exploit the analogy of the Langevin descriptions for electric circuit and that of the 
Brownian particle, we first recall the form of the Langevin equation for the Brownian particle 
in the experiment of Wang et al. : 



m- 



d 2 x t 



dx t 



k{x t — v*t). 



(1) 



Here, m is the mass of the Brownian particle, x t is its position at time t, a is the (Stokes') 
friction coefficient, k is the strength of the harmonic potential induced by the optical tweezer, 
and v* is the constant speed at which the tweezer is moved. £t represents a Gaussian white 
noise which satisfies 

(&> = 0; (Ut>) = 2k B Ta6(t-t'), (2) 

where () denotes an average over an ensemble of similar systems [lQj], T is the temperature 
of the water and k B is Boltzmann's constant. Usually, the velocity relaxes quickly, so one 
can set m = in Eq. 

Next we consider in Fig. Q an electric circuit in which a resistor with resistance R and a 
capacitor with capacitance C are arranged in parallel and are subject to a constant, non- 
fluctuating current source /. Energy is being dissipated in the resistor and according to the 
fluctuation-dissipation theorem this means there are fluctuations too. To a good approxi- 
mation, one can use a Gaussian random noise term 5V t to describe these fluctuations (Io| . 
which is depicted in the figure by a voltage generator. In addition, we define qt as the charge 
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FIG. 1: Circuit with Nyquist noise and a resistor and capacitor in parallel, subject to a current 
source. 
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TABLE I: The analogy of a circuit and a Brownian particle. 



that has gone through the resistor, i t as the current that is going through it (so i t 
and q' t as the charge on the capacitor, all at time t. Using that q' t = J * dt' (I — if) 
and that V a b = <?i/C, standard calculations for electric circuits give 



It 



in which 5V t satisfies [lol] 



at C 



(SV t ) = 0; (SV t SVe) = 2k B TR5(t - t'). 



dqt/dt) 
-It-qt 



(3) 



(4) 



We see that Eqs. (jSJ) and (0J) are of a very similar form as those for a one-dimensional 
massless Brownian particle dragged through a fluid by means of a harmonic potential in 
Eqs. © and © 
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Table U gives all the analogues, i.e., both the well-known Brownian 
motion-Nyquist noise ones (£ t , a, T vs. 5V t , R, T) as well as additional circuit-specific ones. 

Given this analogy, we turn to the heat fluctuations in this circuit. This heat is developed 
in the resistor. Thus, the dissipated heat over a time r is given by the time integral of the 
voltage over the resistor, V a b, times the current through it, i t , i.e., 



Q-7 



dti t [i t R + 5V t ) = - dti t 



Qt 



It 



c 



(5) 



where we used Eq. (JHJ) . This is precisely the quantity found in Refs. 0, E| for the Brownian 
particle, when we use the analogies in Table HI Hence Q T in this parallel RC circuit behaves 
completely analogous to the heat for the Brownian particle and thus we know that it satisfies 
the extended FT. That is, defining a fluctuation function by 



f^— In 

lT (Qr) 
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P(-Q, 



(6) 



and a scaled heat fluctuation by p Q = Q T / (Q T ), one has for large r 



PQ + Oir- 1 ) 

f?{p Q ) = \p Q -\{p Q -iy 

2 + O (y/(p Q - 3)/r 
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if < p Q < 1 
if 1 < p Q < 3 
if P Q > 3. 



(7) 



Here, we only gave the orders of magnitude of the finite-r correction terms. Their detailed 
forms — which differ in the transient and the stationary state — require an involved cal- 
culation using the saddle-point method which can be found in Ref. Note that these 
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calculations need not be redone for the current case but that we can make the substitutions 
in Table |l] and consider the one- dimensional case as can be obtained from footnote 24 of 
Ref. @. 

Next, we discuss the work fluctuations in this circuit. The total work done in the circuit 
is the time integral of the power. The power is the current through the circuit, J, times the 
voltage over the whole circuit, V c d, so that 
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(8) 



This happens to be precisely the form of the work as we found in the Brownian case|6(, if 
we use Table HI This is somewhat surprising because those analogues were based on Eq. (j3J) 
which in principle only involves the current through the resistor, while W T is the work 
done on the whole circuit. Since the work fluctuations for the Brownian particle satisfy the 
conventional FT for r — ► oo 0, 0] , by analogy we know the same will hold here, i.e., 
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(9) 



P{-W T 

where p w = W T /(W T ). Here, for the TFT, e = while for the SSFT (for details see Ref. |fj) 

, s r r d-e- T/r ' 



e r 



(10) 



where r r = RC. Note that e(r) — > for r — > 0. 

We note that the behavior of the heat fluctuations in Eq. (J7J) differs from that of the work 
fluctuations in Eq. JOJ) due to exponential tails of the distribution of the heat fluctuations 0, 
9], while those of P(W T ) are Gaussian. 

A second example of a circuit that satisfies the extended heat fluctuation theorem is 
depicted in Fig. |21 Here, the resistor with resistance R and the capacitor with capacitance 
C are arranged in series and are subject to a linearly increasing voltage source V(t) = At. 
Again, there is a thermal noise generator next to the resistance. The definitions of it and 
q t are still that they are the current and charge through R at time t, respectively, but 
q' t = qt here, since all charge that runs through R ends up in C. We find the appropriate 
Langevin equation as follows. The imposed voltage, V(t), is equal to the potential difference 
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FIG. 2: Serial RC circuit with Nyquist noise and imposed voltage. 
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V ad = i t R + 5V t + q t /C (cf. Fig. EJ). Using i t = dq t /dt and V(t) = At, we find 

o = -*£-«i-^. ("J 

This equation is the same as that of Eq. (jSJ) except that / is replaced by CA. This means 
that as far as the current through the resistance is concerned, a constant current source with 
a capacitor in parallel to it is equivalent to a linearly increasing voltage with a capacitor in 
series with it. It also means that this case is analogous to the Brownian particle dragged 
through a fluid by a harmonic potential as well. Quantities for this circuit and the Brownian 
model can therefore be translated into each other using table HJ except for the work, as we 
will explain below. 

Consider now the heat developed in the resistor during a time r, which is given by the 
time integral of the voltage over the resistor, V a b, times the current through it, i t , so 

Q T = f T dt i t [i t R + 5V} = - f T dt i t qt , (12) 

Jo Jo C 

where we used Eq. ([lip. Note that using I ~ CA, this form for Q T is the same as in Eq. (J3J) 
for the parallel case. Hence, the heat in the serial case behaves precisely the same as in 
the parallel circuit, because we have seen that q t and i t behave the same in both circuits. 
Thus, we known that the heat in the serial RC circuit, in the parallel RC circuit and in the 
Brownian system all behave analogously, and all satisfy the extended FT 0,0 in Eq. ©. 

We will now consider the work fluctuations in the serial RC circuit. The work is the time 
integral of the total current, it, times the total voltage, V(t) = At, hence 

W*= f T dti t At. (13) 
Jo 

Even when we use I ~ CA, this is not the same form as W T in Eq. (jHJ) (which is why 
we added a superscript *), and likewise, using table HI it is not of the same form as in the 
Brownian case. Clearly, we cannot use the same results for W* as we obtained for W T from 
the Brownian case or the parallel circuit: we in fact need a additional calculation. For this, 
we use the method in Ref. p. For a Gaussian P(W*) one has 



p{+w;) 
p(-w:) 



Pn (14) 



1-e(t 



where p* w = W*/(W*) and e(r) = 1 - V/(2M) with M = (W T ) and V = ({W r - (W T )) 2 ). 
The quantities M and V in turn are calculated using the definition of W* in Eq. (|13|) and 
the relations (q t ) = CA[t-T r {l-e-^ Tr )] and (to))) = k B TC e^-^ (from 

Ref. 0, using Table HJ). This yields 



t:(1 - e- T ' T -) - TT r e- T l T - 



sir) = 2 " U - -I . (15) 



Note that this goes to zero asymptotically as 1/t 2 , which is faster than the 1/r decay of 
e(r) in Eq. (fTU|) . 

These result so far made no explicit reference to nanoscale circuits. Indeed, these results 
are valid for a circuit of any size. We will now turn to their relevance for nanocircuits. The 
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extended FT shows that large heat fluctuations are more likely to occur than according to 
the conventional FT, due to the exponential tails of the distribution of heat fluctuations. 
This could be important for the design of nanostructures because of the rise of temperature 
due to heat development. Either the average current through R could be too large or a large 
heat fluctuation might occur. Fluctuations of the energy exist already in an equilibrium 
system in contact with a heat reservoir, i.e. a circuit for which 1 = 0. In that case, the 
energy fluctuations of an N atomic resistor will be of the order of \fNksT. To explore the 
properties of nanostructures, composed of just a few atoms, we start with N = 1. For that 
case, energy fluctuations are of the order of k^T which, if they were not removed, could 
amount to a significant increase or decrease of the resistor's temperature. An estimate of 
this temperature change can be made using the law of Dulong and Petit that (at room 
temperatures) the specific heat per atom of a solid is 3k b- Thus, the change in temperature 
could be as large as AT = k B T/{3k B ) = T/3 = 100K, for T = 300K. 

In our Langevin theory for the circuits, we have assumed a constant temperature. To still 
be able to use the theory, we need that the temperature does not vary too much. A similar 
condition is needed if the resistor is not to fail. To satisfy this condition, the heat developed 
will have be transported away at a fast enough time scale r T . If the heat Q TT developed in 
this time is large enough to significantly increase the material's temperature, failure may 
occur. The induced temperature difference, given by AT = Q TT /Cv, is insignificant if 
AT/T< 1, i.e., if 

n 

<1. (16) 



CyT 

This condition should hold both for the average and the fluctuations of Q TT . Let us first 
consider the average (i.e., what one would do for macroscopic circuits). In the stationary 
state of the parallel circuit, the average heat is Q TT = IVt t , where V = IR, so 

Qt t _ I 2 Rt~t _ t t (17\ 
CyT ~ CyT ~V H ' 1 ' 

where t h = CyT /I 2 R. (This in fact also holds for the serial circuit if we replace I by CA.) 
Equation (JTHJ) now becomes 

t t < r H . (18) 

That is, the time scale of temperature relaxation given by r T has to be fast compared to 
the heating time t h . However, even if the average of the heat is well-behaved, the heat 
fluctuations might still damage the circuit. We need the typical size of these fluctuations. 
From our previous work on the FTs, we found that for long times r, <J {{Q T — {Qt)) 2 ) ~ 

\j2k B T '(Q T ) [1, 01 . Thus, for r = r T , y / 2kBTPRr T is a typical value for Q TT which we can 
insert into Eq. (JTfij) . giving 

(19) 

where the time scale for the heat fluctuations is t> = TC v /2kBl 2 R = (Cy/2kB)r H . For 
an N atomic solid at room temperature, for which Dulong-Petit is valid, we know that 
t~f/t~ h = Cy/2ks = fiV. Thus, the factor between t> and t h is always bigger than one, 
so that Eq. (|T9|) in fact follows from Eq. (|18jl. As a result, if on average the circuit will 
not fail, then the fluctuations will not make it fail either. However, for systems below 
room temperature, for which quantum effects become relevant, the ratio Cy/ks can be 
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much smaller than one (i.e. Debye's law), opening up the possibility that in that case the 
requirement on r F in Eq. (|19p could be stricter than that on t h in Eq. (|18|). 

Although reassuring, Eq. (fT§|) concerns only typical fluctuations. However, one also needs 
to be concerned with large fluctuations. Compared to the Gaussian distributed work (or 
power) fluctuations, large fluctuations for heat are much more likely due to the exponential 
tails of its distribution function. Furthermore, if the condition in Eq. (fTT)|) is not met, 
temperature variations will occur and the theory then needs to include a coupling to the 
heat diffusion equation. This could be relevant for future experiments. 

In conclusion, we studied work and heat fluctuations in electric circuits using analogies 
to Brownian systems with non-universal additions to the Nyquist noise-Brownian motion 
analogy. Our analogy links the work and heat fluctuations in a parallel RC circuit to those 
in a Brownian system for which the work and heat fluctuations are known to satisfy the 
conventional FT and extended FT respectively. For the serial circuit, the analogy also works 
for the heat fluctuations, but not for the work fluctuations. However, a short calculation 
[below Eq. (|13|) ] shows they still satisfy the conventional FT. 
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